










































Image from https://fanart.tv/movie/9267/and-now-for-something-completely-different/









































































































































































































(a) Input x1. (b) Input xn.

Figure 5: Illustration of the proof of Lemma 3. (a) In the first stage, we construct an input x1 to SoDn2

that embeds an input y1 to SoPLn in the top-left (1, 1)-subgrid, and moreover, all the active sinks of y1 are
assigned as successor the top-left corner of some (2, j)-subgrid. (b) The completed construction after n stages.

Claim 3. There exists a j 2 [n] such that (1b) holds.

Proof. Let us first prove that for every term t appearing in J =
P

t
↵tt, we have

t(x01) = t(x01 � ⇢j) 8j. (10)

It su�ces to show that any term t in J with t(x01) = 1 (or t(x01 � ⇢j) = 1) does not read any nodes
in Sol(y1). Assume for contradiction that such a t reads a node u 2 Sol(y1). Then, because t is
curious, it also reads u’s successor node (note that su 6= null in both x01 and x01 � ⇢j) on the next row.
This successor node is set to null in x01 (and (x01 � ⇢j)) and hence t witnesses that u is a solution
(proper sink). But this contradicts our assumption that t is non-witnessing. This proves (10).

Define Jj :=
P

t2Tj
↵tt where Tj is the set of terms t in J that do not read any node from

the (2, j)-subgrid. Note that each t can read from at most deg(t)  no(1) many di↵erent subgrids,
and hence if we choose j ⇠ [n] at random, Pr[t 2 Tj ] � 99%. We now have

E[1 + Jj(x01)] = 1 +
P

t
Pr[t 2 Tj ]↵tt(x01) � 99% · (1 + J(x01)) � 99% · 1.5 � 1.4.

By averaging, there is some fixed j 2 [n] such that 1 + Jj(x01) � 1.4. Defining x1 := (x01 � ⇢j) for
this particular j, we have, for every assignment y2 to the (2, j)-subgrid,

1 + J(x1 � y2) � 1 + Jj(x1 � y2) = 1 + Jj(x1)
(10)
= 1 + Jj(x

0
1) � 1.4.

Second stage. Here we start with the input x1 satisfying (1a)–(1b) for some j 2 [n]. Let y2 be any
input to SoPLn. We think of y2 (ignoring predecessor pointers) as embedded in the (2, j)-subgrid.
Consider the input (x1 � y2) where the distinguished node of y2 is aligned with corner of the
(2, j)-subgrid, which is the only sink in x1 by (1a). Then every solution of (x1 � y2) for SoDn2

corresponds to a solution of y2 for SoPLn. Hence we can view our SA refutation of SoDn2 as a
refutation of SoPLn (this time in the (2, j)-subgrid). Moreover, we have from (1b) that the RHS
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