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The high-dimensional SU(2) problem

SU(2): the group of 2 X 2 unitary matrices with det = 1
Irreps: one for each dimension N = 2j + 1 (spin—/ representation)

Generators: angular momentum J,, J,, J, with ||J]| = ©(N)

Problem: Implement the /N dimensional representation with a polylog(/V)
Size guantum circuit.

Naive Hamiltonian simulation costs poly(/NV) because ||/|| = Q(N)



Why do we care?



Why do we care?

SU(n): special n X n unitary group



Why do we care?

SU(n): special n X n unitary group

Capture many physically relevant symmetries



Why do we care?

SU(n): special n X n unitary group

Capture many physically relevant symmetries

M+n-—1
n—1

Totally symmetric irreps of dimension N = (



Why do we care?
SU(n): special n X n unitary group

Capture many physically relevant symmetries

e | | M+n—-—1
Totally symmetric irreps of dimension N =

n—1

% >
)
S 4
N Qf_%//
=

U/’/,:
§W¢;§ . S
" = = \
e . ) ,
% A
) -~ .
: e =
. g, /
%.
‘,.

(1l

- < ’W&; ) S
T ((i@

B

Z 2
20

=
<
»

Ry o ))' y
) )00
- ) ‘1/ \\\\\\"ﬂ?’:

N
/wl\\“\

i,
\

Z

)

.

J =
=
w =
2 (117

=
=

L'i'(ffr((((frf“ :

Quantum Chromodynamics



Why do we care?

SU(n): special n X n unitary group

Capture many physically relevant symmetries
M+n-—1

Totally symmetric irreps of dimension N = |
n —

Quantum Chromodynamics Nuclear Physics
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SU(n): special n X n unitary group

Capture many physically relevant symmetries
M+n-—1

n—1

Totally symmetric irreps of dimension N =

Quantum Chromodynamics Nuclear Physics Spin Systems
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SU(2) Irreps

[Zalka ’04]: spherical harmonic state approach, no efficient algorithm

Applications in simulating physical systems Optimal quantum expanders

Theorem: An N-dimensional irrep of SU(2) can be implemented with

quantum circuits of size polylog(/NV).

Theorem: An N-dimensional totally symmetric irrep of SU(n) can be

implemented with quantum circuits of size O(n” polylog(N)).
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Jordan-Schwinger map

Realize SU(2) generators as a quadratic in bosonic operators:

J, = afaz J+
J_ = a;al k-\
1
J, = E(afal — a;az)
Fix total boson number M = N — 1: spin-M/?2 ’ ‘
representation, dimension N = M + 1. ‘ \4 ‘
J_

exp(—i0J,) is a beam-splitter between two
mode 1 (m7)

oscillator modes.

mode 2 (msz)
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Fast-forwarding the beam-splitter

The beam-splitter Hamiltonian in terms of ladder operators:
1 1
J, = E(afaz + agal) = E(JJr +J_)

o,

BCH series for e terminates

e—iHJx — e—iaplpz : e—iﬁxlxz : e_iap1p2

e'™: diagonal in Fock basis
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The quantum Hermite transform

The isometry | k) — |y,) mapping computational basis to QHO
eigenstates aka Fock basis.

Gate count: O(log’(N/e) - log(1/¢))
eiaJZ

diagonal in Fock basis

So we get this operation for free!
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SU(n) Irreps

Cartan-Weyl basis

Cia 19j,ka (pj,k

Givens

Rotation
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Approach

Jordan-Schwinger
Totally symmetric irreps of SU(n) <+— > 1 harmonic oscillators

M+n-—1

Irrep dimension N =
n—1

) «———— > M bosons in n modes

Isometry 2 |my, ... om)) ——— YWy, )

Lexicographic

QHT
ce{0,..., N—1} ordering m+...+m, =M
n’—1
U‘ l’Ijml’ S l//mn> - H eXp(iQCZOa) ‘Wml’ S l/jmn> Oa = {)/eijej’ ﬁi AJ" 'Sei Aj}

a=1
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Convergence of quadratic exponentials

ol o Want to show:
U = H exp(10 )
a=1 <l/jmi ..... l//m;l‘ U‘ l/jml °°°°° l//mn> ~ <l/jmi """ l//m,fl‘ U‘ l/jml
n’—1 —
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High-level: quantize the Lubotsky-Phillips-Sarnak construction

Choose prime p = 1 mod 4, degree D = p + 1

Solve integer equation ag + alz + a22 + a32 =p —> Gy Ay, Ay, 43 € L

a
® ° a 1 1
Exactly D solutions, each gives 0, = arccos ( 0 ) i = [dz]
an angle 0, and unit vector 7, \/l_? \/P — a5 \%

SU(2) irreps generated by angular momentum operators J,, Jys J,

U, = exp(—10, 1 - J) /

1
S e
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The reduction chain:

. 2
quaternions > a; = p

Hecke eigenvalues a,

Ramanujan—Petersson:
lap| < 2 VP

v

saturates Alon—Boppana

radius D — 1
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Concrete example
p=5,D=6. Solveag+a12+a22+a32=5witha0= 1,
Six solutions: (1, +2.,0,0), (1,0, = 2.0), (1,0,0, = 2)
All give 8 = 2 arccos(1A/5 ), axes ££, * 9, = 2.
Unitaries: U, = et%atora € {x,y,7)

Our circuit implements each U, in polylog(/V) gates.

The 6-element quantum channel is Ramanujan for all N > 2.

_ /5
A= -3

0 1

| EE——

gap ~ 0.255



Thanks for your attention!
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